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Abstract. Due to their small sizes, compactness, low cost, high sensitivity, high resolution and 
extraordinary physical properties, nanoresonators have attracted a widespread attention from the 
scientific community. It is required that the nanoresonators can operate at desired but adjustable 
resonant frequencies. In this work, we present a novel active frequency tuning method utilizing a 
large change of the Young’s modulus (more than 50 %) and generated interlayer stress (up a few 
hundred of MPa) during a phase transformation of NiTi thin film deposited on an elastic substrate. 
We show that this tuning mechanism can allow one to achieve the extraordinary high fundamental 
resonant frequency tunability (~30 %). The impact of NiTi film thickness and dimensions on the 
first three consecutive resonant frequencies of the cantilever nanobeam is examined. In addition, 
developed theoretical model can be used as a simple guide for further design of novel tunable 
cantilever nanoresonators with thin films that cover only partially the entire cantilever length. 
Keywords: nanoresonator, resonant frequency, thin film, smart memory alloys, NiTi film. 
1. Introduction 
Nanoresonators show the excellent physical and mechanical properties, extraordinary 
sensitivity and frequency stability, low power consumption and high quality factor. Besides, they 
are relatively easy to be manufactured in a low cost. Thus, they are widely used in various sensing 
devices [1-5]. It is a common requirement that the resonant based sensors exhibit a linear response 
to the external stimuli and that they can operate at the desired but adjustable frequency ranges [6]. 
The frequency adjustment is particularly needed in the radio frequency generators and filters [7], 
to enhance the sensitivity [8, 9] or to compensate the sensor resonant frequency shifts caused by 
the environmental or fabrication effects such as humidity, pressure or fabrication tolerances  
[2, 10]. It is worth noting that many methods capable to tune or to correct the resonant frequencies 
of the nanoresonator have been already developed [6, 11, 12]. Among them the electrostatic and 
piezoelectric methods of the resonant frequency tuning are the most used ones. The electrostatic 
method allows for the upward and downward frequency tuning by changing through dc bias the 
effective spring constant [13], while the latter method utilizes direct conversion of the electrical 
field into mechanical strain [14]. However, if we exclude the resonators with specially designed 
configurations such as curved comb finger [15] or those made of the extraordinary materials like 
graphene or carbon nanotubes [7], the currently developed methods enable the frequency tuning 
ranges of only several percent (up to 10 %) limiting hence the widespread use of the 
nanoresonators in various sensing devices. 
In response, we show that by partially covering a cantilever nanoresonator by the NiTi film, 
i.e. sputtered film covers only up to 65 % of the cantilever entire length; it is possible to 
significantly modulate its resonant frequencies (~30 %). This active frequency tuning mechanism 
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utilizes the variable elasticity of the deposited NiTi thin film related to its martensitic 
transformation. There is a notably large change of the effective Young’s modulus of NiTi film 
accompanied by a significant variation of the interlayer stress in the film and substrate. We must 
emphasize here that this phase transformation of NiTi film can be precisely controlled by 
temperature. Moreover, here developed theoretical model can serve as a manual for a further 
design of the nanoresonators with thin films deposited partially on its entire length. 
2. Mathematical model of the cantilever nanoresonator with NiTi film 
We chose a silicon nitride (Si3N4) as the substrate material due to the following reasons: i) it 
can be relatively easily fabricated with a very small thickness; ii) it works as a barrier to the surface 
diffusion of sputtered NiTi film; and iii) it has the uniform temperature distribution. Importantly, 
despite the fact that the theoretical model and results presented in this paper have been primarily 
developed and obtained for cantilever configuration of Si3N4 nanoresonator (see Fig. 1), they are 
also applicable to any other substrate materials. Furthermore, for other nanoresonator 
configurations only the boundary conditions have to be modified. 
 
Fig. 1. Silicon nitride cantilever nanoresonator with NiTi thin film 
NiTi thin films are usually prepared by the magnetron sputtering method with a film thickness 
greater than 100 nm [16]. In this case the NiTi film density is approximately 6450 kg/m3 and its 
Young’s modulus can be considered to vary from 25 to 80 GPa depending on the temperature 
[16, 17]. Density of silicon nitride is about 3200 kg/m3 and its Young’s modulus is 310 GPa. It is 
important to note that the temperature dependence of Young’s modulus of NiTi film accompanied 
by the corresponding change of the interlayer stress in film and substrate exhibits hysteresis and, 
consequently, it matters whether the current temperature was attained by cooling or heating [16] 
(for a detailed discussion on the stress generation in NiTi film and its dependency on temperature 
see Ref. [18]). This hysteresis is related to the phase transformations in NiTi and resulted changes 
in the generated interlayer stress and, as such, it depends on the exact NiTi film composition and 
preparation processes, e.g. deposition and annealing temperatures [18]. Therefore, in case of 
nanomechanical resonators the linear part of temperature dependency of the Young’s modulus 
(and/or resulting stress) can differ for heating and cooling. As a result, in model to account for the 
real experimental conditions, it necessary to find a dependency of NiTi film Young’s modulus and 
the resulting interlayer stress on temperature for both cooling and heating branches. It is worth 
noting that the Young’s modulus of NiTi film can be determined by either nanoindentation [19] 
or the recently developed resonant based method [20, 21]. 
Dynamic behavior of the nanoresonators with NiTi film can be accurately predicted by the 
classical beam theory. Following the approach given in Ref. [22], a set of governing equations of 
motion for dynamic deflection of the resonator can be formulated as: 
ܣߩஊݑ௧௧(ݔ, ݐ) + ܦஊݑ௫௫௫௫(ݔ, ݐ) − ܨ்ݑ௫௫(ݔ, ݐ) = ܨௗ௥(ݔ, ݐ) + ܨ௛ௗ(ݔ, ݐ),    0 ≤ ݔ ≤ ℎ, 
ܣߩ௦ݑ௧௧(ݔ, ݐ) + ܦ௦ݑ௫௫௫௫(ݔ, ݐ) = ܨௗ௥(ݔ, ݐ) + ܨ௛ௗ(ݔ, ݐ),    ℎ ≤ ݔ ≤ ܮ, (1)
where ݑ(ݔ, ݐ) is the resonator deflection, ݔ is spatial coordinate, ݐ is time, ܨௗ௥(ݔ, ݐ) and ܨ௛ௗ(ݔ, ݐ) 
are the driving and hydrodynamic forces per unit length, respectively [23]; ܣߩஊ = ܣߩ௦(1 + ߤߟ), 
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ܣߩ௦ = ߩ௦ܹ ௦ܶ , ܦஊ = ܦ௦ݎ(ߦ, ߟ), ܦ௦ = ܧ௦ܫ௦ , ݎ(ߦ, ߟ) = [ߦଶߟସ + 4ߦߟ(1 + 1.5ߟ + ߟଶ) + 1] 1 + ߦߟ⁄  
[24], ߤ = ߩ௙ ߩ௦⁄ , ߟ = ௙ܶ ௦ܶ⁄ , ߦ = ܧ௙ ܧ௦⁄ , ܨ் ≈ ߪܹ ௙ܶ  [25], ߪ  is the temperature depending 
average interlayer stress in film and substrate with due account for a phase transfromation in NiTi 
film [18], ܹ and ܮ are the width and length of the resonator, respectively; ܧ, ܶ, ߩ are the Young’s 
modulus, thickness and density of substrate (subscript ݏ) and sputtered NiTi film (subscript ݂), ܫ௦ 
is the substrate moment of inertia and ℎ is length of partially sputtered NiTi film. In general, the 
resonant frequencies of cantilever beam vibrating in air or viscous fluid are given by [23]: 
߱௙௟௨௜ௗ = ߱௩௔௖ ቆ1 +
ߨߩ௟  ܹ ଶ
4ܣߩஊ Γ(߱)ቇ
ଵ/ଶ
, (2)
where ߩ௟ is density of the surrounding fluid, Γ(߱) is the dimensionless hydrodynamic function 
obtained from solution of the appropriate continuity equation and Navier-Stokes equations [26] 
and ߱௩௔௖  are the resonant frequencies of beam in a vacuum obtained by solving Eq. (1) for 
ܨௗ௥(ݔ, ݐ) = ܨ௛ௗ(ݔ, ݐ) = 0 and the usual clamped-free end conditions: 
ݑ(0, ݐ) = 0,    ݑ௫(0, ݐ) = 0,     ݑ௫௫(ܮ, ݐ) = 0,     ݑ௫௫௫(ܮ, ݐ) = 0. (3a)
Furthermore, to solve Eq. (1) requires imposing the following matching conditions [27]: 
ݑି(ℎ, ݐ) = ݑା(ℎ, ݐ),    ݑ௫ି(ℎ, ݐ) = ݑ௫ା(ℎ, ݐ),    ܦஊݑ௫௫ି(ℎ, ݐ) = ܦ௦ݑ௫௫ା(ℎ, ݐ), 
−ܦஊݑ௫௫௫ି(ℎ, ݐ) + ܨ்ݑ௫ି(ℎ, ݐ) = −ܦ௦ݑ௫௫௫ା(ℎ, ݐ). (3b)
Now, solving Eq. (1) for the boundary and matching conditions given by Eqs. (3a) and (3b) 
results into the transcendental equation, which positive roots are the resonant frequencies of the 
cantilever nanoresonator with partially sputtered NiTi film, and this equation reads: 
ሼ−ܣଵcos(ߛℎ∗) − ܤ଴sin(ߛℎ∗) + 0.5ܤଵ[cosh(ߛܮ) + sinh(ߛℎ)sin(ߛℎ∗) 
      +cosh(ߛℎ)cos(ߛℎ∗)]+0.5ܤଷ[sinh(ߛℎ∗) + sin(ߛℎ∗)]ሽ 
      × ሼܣ଴sin(ߛℎ∗) − ܤଶcos(ߛℎ∗) + 0.5ܤସ[sinh(ߛܮ) + sinh(ߛℎ)cos(ߛℎ∗) 
      −cosh(ߛℎ)sin(ߛℎ∗)] + 0.5ܤହ[cosh(ߛℎ∗) + cos(ߛℎ∗)]ሽ 
      −ሼܣଵsin(ߛℎ∗) − ܤ଴cos(ߛℎ∗) + 0.5ܤଵ 
      × [sinh(ߛܮ) + sinh(ߛℎ)cos(ߛℎ∗) − cosh(ߛℎ)sin(ߛℎ∗)] 
      +0.5ܤଷ[cosh(ߛℎ∗) + cos(ߛℎ∗)]ሽ × ሼ−ܣ଴cos(ߛℎ∗) − ܤଶsin(ߛℎ∗) 
      +0.5ܤସ[cosh(ߛܮ) + sinh(ߛℎ)sin(ߛℎ∗) + cosh(ߛℎ)cos(ߛℎ∗)] 
      +0.5ܤହ[sinh(ߛℎ∗) + sin(ߛℎ∗)]ሽ = 0, 
(4)
where: 
ܤ଴ =
ݍଵ
ߛ ܣ଴,      ܤଵ =
1
cosh(ݍଵℎ) ൬
ܭଵ
ܭଶ
ݍଵ
ߛଶ ܣଶ + ܣଵ൰,      
ܤଶ =
ܭଵ
ܭଶ
ݍଵ
ߛଷ ܣଷ +
ݍଵ
ߛଷ ܣ଴ ൬ߛ
ଶ − ܨ்ܭଶ൰ −
sinh(ݍଵℎ)
cosh(ݍଵℎ) ൬
ܭଵ
ܭଶ
ݍଵ
ߛଶ ܣଶ + ܣଵ൰, 
ܤଷ =
1
ߛ ܣଶ,      ܤସ =
1
cosh(ݍଵℎ) ൬
ܭଵ
ܭଶ
1
ߛଶ ܣଷ + ܣ଴൰,  
ܤହ =
ܭଵ
ܭଶ
1
ߛଷ ܣସ +
1
ߛଷ ܣଶ ൬ߛ
ଶ − ܨ்ܭଶ൰ −
sinh(ݍଵℎ)
cosh(ݍଵℎ) ൬
ܭଵ
ܭଶ
1
ߛଶ ܣଷ + ܣ଴൰, 
ܣ଴ = coshݍଵℎ– cosݎଵℎ,      ܣଵ = sinhݍଵℎ– ൬
ݍଵ
ݎଵ ൰ ݏ݅݊ݎଵℎ,      ܣଶ = ݍଵsinhݍଵℎ + ݎଵsinݎଵℎ, 
ܣଷ = ݍଵଶcoshݍଵℎ + ݎଵଶcosݎଵℎ,      ܣସ = ݍଵଷsinhݍଵℎ– ݎଵଷsinݎଵℎ,     ℎ∗ = ܮ– ℎ, 
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ݍଵ = ඩ
ܾଶ
2 + ඨ
ܾସ
4 + ߛ
ସ,      ݎଵ = ඩ−
ܾଶ
2 + ඨ
ܾସ
4 + ߛ
ସ,       
ܾ = ℎ
௙ܶ
ඨ 12ߪߟܧ௦ݎ(ߦ, ߟ) ,     ߛ =
߱ଶ
ܽଶ ,       ܽ = ൬
ܦ
ܣߩ൰
଴.ହ
, 
and ߱ is the desired nanoresonator angular resonant frequencies. 
3. Results and discussion 
In this section, we examine the impact of thickness ( ௙ܶ) and length (ℎ) of sputtered NiTi film 
on the first three consecutive resonant frequencies of the cantilever. First of all, we recall a known 
fact that the added mass caused by deposited film shifts the resonant frequencies of resonator to 
the lower values, while an increase of film stiffness and interlayer stress due to CTE difference 
and phase transformation in NiTi shifts the resonant frequencies to the higher values. Hence, the 
resulting frequency shift is the combination of all three mentioned parameters. In addition, the 
value of frequency shift depends also on the considered vibrational mode through a mode  
shape [28].  
 
a)  b) 
 
c) 
 
d) 
Fig. 2. The achievable tuned first resonant frequencies represented through the frequency ratio ߱ ߱ெ⁄ , 
where ߱ is the cantilever resonant frequency with due account for a phase transformation of NiTi film  
and ߱ெ is the resonant frequency of cantilever with NiTi film in the martensite phase, as function of the 
NiTi Young’s modulus for a) a given film thickness of ௙ܶ = 0.5 ௦ܶ, and a given length of the deposited  
NiTi film of b) 0.5ܮ, c) 0.3ܮ and d) 0.2ܮ. Inset of Fig. 2(a) shows the corresponding mode shape 
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Namely, the effect of added mass is dominant nearby the anti-node, while stiffness dominates 
the resonant frequencies in a vicinity of the node. For instance, for the first (fundamental) 
vibrational mode of cantilever, the impact of added mass on the resonant frequency is zero at the 
clamped end and it exponentially grows until it reaches its maximum at the cantilever’s free end 
(see Inset of Fig. 2(a)). Similarly, the effect of stiffness on the resonances is largest near the 
clamped end and is zero at the free end. Thus, for a given film thickness, there must be a critical 
length of the sputtered NiTi film (ℎ௖௥), at which the maximum resonant frequency tuning can be 
achieved. We have found that in case of NiTi film thickness ௙ܶ = 0.5 ௦ܶ this desired maximum 
fundamental resonant frequency tuning of 17.8 % is realized at value of ℎ௖௥ ≈ 0.55ܮ. Then, by a 
further increase of film thickness the added mass comes into play and the achievable resonant 
frequency tuning decreases as shown in Fig. 2(a). For a given sputtered NiTi film length (ℎ) a 
critical film thickness ௙ܶ೎ೝ can be estimated from Eq. (4). For a fundamental resonant frequency 
and ℎ = 0.5ܮ, the critical film thickness of ௙ܶ೎ೝ ≈ 1.3 ௦ܶ is determined and it corresponds to the 
extraordinary high tunability of 33 %. Figures 2(b)-2(d) display dependency of the achievable 
fundamental resonant frequencies of the cantilever with NiTi film of different film thicknesses 
and length of 0.2ܮ, 0.3ܮ and 0.5ܮ, respectively. Furthermore, as can be seen from Fig. 2 the 
increase of NiTi film thickness enables a higher fundamental frequency tuning than an increase of 
the deposited film length ℎ. Interestingly, even for a film of ℎ = 0.5L and ௙ܶ = ௦ܶ an exceptional 
frequency tuning of 29 % can be achieved. 
 
a) 
 
b) 
 
c) 
 
d) 
Fig. 3. The achievable tuned second resonant frequencies represented through the frequency ratio ߱ ߱ெ⁄ , 
where ߱ is the cantilever resonant frequency with due account for a phase transformation of NiTi film and 
߱ெ is the resonant frequency of cantilever with NiTi film in the martensite phase, as function of the NiTi 
Young’s modulus for a) a given film thickness of ௙ܶ = 0.5 ௦ܶ, and a given length of the deposited NiTi film 
of b) 0.5ܮ, c) 0.3ܮ and d) 0.2ܮ. Inset of Fig. 3(a) shows the corresponding mode shape 
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In comparison to fundamental vibrational mode the second one contains the additional node 
and anti-node as illustrated in Inset of Fig. 3(a) [29, 30]. Consequently, the frequency shift of 
second vibrational mode differs essentially from the one obtained for first mode. Since it contains 
an anti-node in a near vicinity of ℎ = 0.5ܮ, the tunability of second resonant frequency would 
decrease with an increase of the film length. Indeed, results presented in Fig. 3(a) confirmed that 
for ௙ܶ = 0.5 ௦ܶ the frequency tunability of second vibrational mode significantly decreases with an 
increase of sputtered NiTi film length. We also found that for ℎ = 0.5ܮ the critical film thickness 
is about 0.25 ௦ܶ  (see Fig. 3(b)). Interestingly, the achievable tunabilities of the second resonant 
frequency for NiTi film of length ℎ = 0.2ܮ, 0.3ܮ and 0.5ܮ are 10.5 %, 9 % and 6 %, respectively. 
 
a) 
 
b) 
 
c) 
 
d) 
Fig. 4. The achievable tuned third resonant frequencies represented through the frequency ratio ߱ ߱ெ⁄ , 
where ߱ is the cantilever resonant frequency with due account for a phase transformation of NiTi film and 
߱ெ is the resonant frequency of cantilever with NiTi film in the martensite phase, as function of the NiTi 
Young’s modulus for a) a given film thickness of ௙ܶ = 0.5 ௦ܶ, and a given length of the deposited NiTi film 
of b) 0.5ܮ, c) 0.3ܮ and d) 0.2ܮ. Inset of Fig. 4(a) shows the corresponding mode shape 
The mode shape of third consecutive vibrational mode includes three nodes and anti-nodes 
(see Inset of Fig 4(a)). In Figs 4(a)-4(d) we present the estimated achievable resonant frequency 
tunability of third vibrational mode as a function of deposited NiTi film length and thickness. The 
following conclusions can be drawn from Figs. 4(a)-4(d): i) the achievable tunability of third 
resonant frequencies depends strongly on the deposited film length (ℎ ), i.e. if anti-node is 
contained in a deposited film, then the tunability is strongly affected by the added mass; ii) for 
film which contains two anti-nodes and one node the overall tunability is dominated by a stiffness 
effect; and iii) desired resonant frequency tuning is highest for cantilever with NiTi film of length 
that do not contains any anti-node. Particularly, in present case the highest resonant frequency 
tuning can be obtained for film of ℎ = 0.2ܮ. Then, by a further increase of NiTi film length (ℎ) 
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the anti-node is reached and the added mass due to film causes a lowering of tuned resonant 
frequencies as shown in Figs. 4(a) and 4(c). And, if length of deposited film is further increased 
beyond the anti-node, then the maximum vibrational amplitude decreases till it reaches the zero 
value at the node. Thus, for ℎ = 0.4 we observe decrease of the resonant frequency, while for  
ℎ = 0.5 a stiffness again dominates dynamic behavior of the nanoresonator and, consequently, a 
phase transformation of NiTi film shifts again the resonant frequencies to the higher values. 
4. Conclusions 
In this paper, we have carried out the fundamental analysis of a novel active cantilever resonant 
frequency tuning mechanism utilizing the significant changes in NiTi film Young’s modulus and 
interlayer stress during its phase transformation that is sputtered only partially on the elastic 
substrate materials. We have found that for NiTi film of length ℎ =  0.5 ܮ  and thickness  
௙ܶ೎ೝ =  1.3 ௦ܶ  an extraordinary high fundamental resonant frequency tuning of 33 % can be 
achieved. The analysis shows that within the considered ranges of sputtered NiTi film thicknesses 
and lengths only an increase of first (fundamental) resonant frequencies can be realized. However, 
since higher vibrational mode contains additional nodes, the upward and downward frequency 
tuning is possible. These findings are particularly important in a real-time adsorbate bio- or 
chemical molecule determination, where the adsorbate molecule does increase mass and also 
creates a surface stress, i.e. molecule affects both cantilever stiffness and mass. 
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